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Towards an Understanding of Stepwise Inference in Transformers:
A Synthetic Graph Navigation Model

Anonymous Authors1

Abstract
Stepwise inference, such as scratchpads and chain-
of-thought (CoT), is an important capability of
large language models, where a model decom-
poses a complex task into a sequence of manage-
able subproblems. However, despite the signifi-
cant gain in performance, the underlying mech-
anisms of stepwise inference have remained elu-
sive. To address this gap, we propose to study
auto-regressive Transformer models solving a
graph navigation problem, where a model is
tasked with traversing a path from a start to a goal
node on a synthetically generated graph. Through
this simple, controllable, and interpretable frame-
work of graph navigation, we empirically repro-
duce and analyze several phenomena observed at
scale: (i) the stepwise inference reasoning gap,
the cause of which we find in the structure of the
training data; (ii) a diversity-accuracy tradeoff as
sampling temperature varies; (iii) a simplicity bias
in the model’s output; and (iv) combinatorial gen-
eralization, failure on length generalization and a
primacy bias with in-context exemplars. Overall,
this work introduces a grounded synthetic frame-
work for studying stepwise inference and offers
mechanistic hypotheses that lay the foundation
for a deeper understanding of this phenomenon.

Stepwise inference, such as scratchpad and chain-of-thought
(CoT), is an important capability of large language mod-
els, where a model decomposes a complex task into a steps
of manageable subproblems. However, despite significant
improvements in performance, the underlying mechanisms
of these processes have remained elusive. Here, we pro-
pose a novel perspective by framing the tasks that benefit
most from stepwise inference as graph navigation problems.
Specifically, we introduce a graph navigation task, where

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
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"Consider a Tower 
of Hanoi problem 
with three rods. At 
start, Rod A has two 
disks with radius 3
and 1; Rod B has a 
disk of radius 2. 
The goal is to move
all disks to rod C.
Think step-by-step."

(a) (b)

Figure 1. Examples of stepwise inference protocols and how
they can be cast as a graph navigation problem. (a) Zero-shot
chain-of-thought (Kojima et al., 2022) involves asking a model to
produce intermediate outputs to perform complex multi-step com-
putations, such as solving the Tower of Hanoi problem. Casting the
configurations of the rods in Tower of Hanoi as nodes of a graph,
we can see that the problem is essentially traversal over states
describing different configurations of the setup to reach the desired
configuration (the goal state). (b) Scratchpad (Nye et al., 2021) im-
proves LLMs’ ability to perform complex multi-step computations,
such as arithmetic, when they write intermediate computation steps
to a buffer called a scratchpad.

a transformer model trained from predicts the connectivity
between two nodes within a well-defined graph. Despite
its simplicity, we demonstrate that this simple setup allows
us to not only replicate, but also elucidate behaviors asso-
ciated with stepwise inference, including the influence of
the underlying graph’s structure on model behavior, and
the trade-off between diversity and accuracy. In addition,
we investigate the ’simplicity bias’ observed in stepwise
inference, where models exhibit a preference for the short-
est path between two points. Our investigation extends to
the controllability of these models through in-context exem-
plars. By developing a grounded synthetic framework, this
work contributes to the understanding of stepwise inference
and provides mechanistic hypotheses that pave the way for
a more comprehensive understanding of these phenomena
in large-scale language models.

1. Introduction
Transformers, the backbone of large language models
(LLMs), have revolutionized several domains of machine
learning (OpenAI, 2023; Anil et al., 2023; Gemini et al.,
2023; Touvron et al., 2023). An intriguing capability that

1



055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107
108
109

Understanding Stepwise Inference in Transformers

emerges with training of Transformers on large-scale lan-
guage modeling datasets is the ability to perform stepwise
inference, such as zero-shot chain-of-thought (CoT) (Ko-
jima et al., 2022), use of scratchpads (Nye et al., 2021),
few-shot CoT (Wei et al., 2022), and variants of these
protocols (Creswell et al., 2022; Yao et al., 2023; Besta
et al., 2023; Creswell & Shanahan, 2022; Press et al.,
2022). Specifically, in stepwise inference, the model is
asked to or shown exemplars describing how to decompose
a broader problem into multiple sub-problems. Solving
these sub-problems in a step-by-step manner simplifies the
overall task and significantly improves performance (see
Fig. 1). Arguably, stepwise inference protocols are the
workhorse behind the “sparks” of intelligence demonstrated
by LLMs (Bubeck et al., 2023)—yet, their inner workings
are poorly understood.

Motivated by the above, we aim to design and study an
abstraction which enables a precise understanding of step-
wise inference in Transformers. Specifically, we argue that
tasks which see maximum benefit from stepwise inference
can be cast as a graph navigation problem: given an input
describing the data to operate on and a goal to be achieved,
a sequence of primitive skills (e.g., ability to perform arith-
metic operations) is chained such that each skill acts on
the previous skill’s output, ultimately to achieve the given
goal. If the input data, the final goal, and the sequence of
intermediate outputs are represented as a sequence of nodes
of a graph, along with primitive skills as edges connecting
these nodes, the overall task can be re-imagined as navigat-
ing nodes of the graph via the execution of primitive skills.
Several logical reasoning problems come under the purview
of this abstraction (LaValle, 2006; Cormen et al., 2022; Mo-
mennejad et al., 2023; Dziri et al., 2023; Saparov & He,
2023): e.g., in Fig. 1a, we show how the problem of Tower
of Hanoi can be decomposed into simpler sub-problems.
See also Appendix A for several more examples.

This work. We design a graph navigation task wherein a
Transformer is trained from scratch to predict whether two
nodes from a well-defined graph can be connected via a
path. A special prefix indicates to the model whether it can
generate intermediate outputs to solve the task, i.e., if it can
generate a sequence of nodes to infer a path connecting the
two nodes; alternatively, exemplars demonstrating naviga-
tion to “regions” of the graph are provided. Our framework
assumes the model has perfect skills, i.e, any failures in
the task are a consequence of incorrect plans for navigating
the graph. This is justified because a skill-based failure is
the most trivial mechanism via which stepwise inference
protocols can fail; in contrast, inability to plan is an inde-
pendent and underexplored axis for understanding stepwise
inference. Overall, we make the following contributions.

• A Framework for Investigating Stepwise Inference.

We propose a synthetic graph navigation task as an ab-
straction of scenarios where stepwise inference protocols
help Transformers improve performance, showing that
we can replicate and explain behaviors seen with use of
stepwise inference in prior work. For instance, the struc-
ture of the data generating process (the graph) impacts
whether stepwise inference will yield any benefits (Prys-
tawski & Goodman, 2023). We identify further novel
behaviors of stepwise inference as well, such as the exis-
tence of a tradeoff between diversity of outputs generated
by the model and its accuracy with respect to inference
hyperparameters (e.g., sampling temperature).

• Demonstrating a Simplicity Bias in Stepwise Infer-
ence. When multiple solutions are possible for an input,
we demonstrate the existence of a simplicity bias: the
model prefers to follow the shortest path connecting two
nodes. We assess this result mechanistically by iden-
tifying the underlying algorithm learned by the model
to solve the task, showing the bias is likely a conse-
quence of a “pattern matching” behavior that has been
hypothesized to cause LLMs to fail in complex reasoning
problems (Dziri et al., 2023).

• Controllability via In-Context Exemplars. We show
the model’s preferred path to navigate between two nodes
can be controlled via use of in-context exemplars. We
use this setup to evaluate the model’s ability to generalize
to paths of longer length and the influence of exemplars
which conflict with each other, i.e., that steer the model
along different paths.

2. Stepwise Inference as Graph Navigation
In this section, we define our setup for studying how step-
wise inference aids Transformers in solving complex rea-
soning problems. Specifically, we define a graph navigation
task wherein, given a start and a goal node, a Transformer
is autoregressively trained to produce a sequence of nodes
that concludes at the goal node. In our experiments, we
consider two scenarios: one where in-context exemplars are
absent (see Fig. 2a) and another where they are present (see
Fig. 2b). The former scenario emulates protocols such as
the scratchpad and zero-shot Chain of Thought (CoT) (Ko-
jima et al., 2022; Nye et al., 2021), while the latter models
few-shot CoT (Wei et al., 2022). In Section 2.1, we set up
our experiment to explore these two scenarios. In the subse-
quent sections, we explicitly analyze the benefits of stepwise
inference in both scenarios: without in-context exemplars
(Section 2.2) and with in-context exemplars (Section 2.3).
We refer the reader to a detailed related work on stepwise
inference protocols in Appendix B and further discussion
on graph navigation as a model of stepwise inference which
is in Appendix A.
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Understanding Stepwise Inference in Transformers

Figure 2. Data Generating Process.(a) In absence of exemplars.This �gure illustrates the step-by-step process of generating a training
dataset using a single underlying graph. 1) A directed acyclic graph (DAG) is generated, which can be either hierarchically structured or
Bernoulli. 2) A start node and a goal node are selected. 3) All possible paths connecting the start and goal nodes are sampled, and one path
is randomly selected. 4) The chosen path is then represented in a task-speci�c format. (b)In presence of exemplars.The step-by-step
process of generating a training dataset by combining multiple subgraphs (motifs): 1. We start by building a set of Bernoulli directed
acyclic graphs (DAGs), 2. Next, we pick a subset of K of these DAGsf gi 1 ; gi 2 ; ::gi K g and connect them together using "ghost edges" to
create a chain of motifsgi 1 7! gi 2 7! :: 7! gi K , 3. We then sample exemplars from every pair of motifs that have been connected by a
ghost edge to construct the context and 4. We now choose a start nodeX s 2 gi 1 and a goal nodeX g 2 gi K and construct a sequence
passing through the whole motif chain.

2.1. Preliminaries: Bernoulli and Hierarchical DAGs

We usedirected acyclic graphs (DAGs)to de�ne our
graph navigation tasks. DAGs are a natural mathemati-
cal abstraction to study multi-step, logical reasoning prob-
lems: e.g., as discussed in Dziri et al. (2023), the output of
any deterministic algorithm can be represented as a DAG.
Speci�cally, a DAG is de�ned asG := ( N; E ), where
N := f X i g

jN j
i =1 denotes the set of nodes in the graph and

E := f (X i ; X j )gX i ;X j 2 N denotes the set of directed edges
across the nodes. The edges of a DAG are captured by its
adjacency matrixA, whereA ij = 1 if (X i ; X j ) 2 E . A
directed simple pathis a sequence of distinct nodes ofG
which are joined by a sequence of edges. If two nodes are
connected via a directed simple path, we call thempath-
connected. The �rst node of a path is referred to as the start
node, which we denote asX s, and the last node as the goal
node, which we denote asX g.

We brie�y discuss the process of construction of DAGs used
in our work and how paths are sampled from them; a more
thorough description is provided in Appendix C.1. We de-
�ne a Bernoulli DAG of N nodes, whose adjacency matrix
has an upper triangular structure with Bernoulli entries with
edge densityp, such thatp(A ij = 1) = p. We ensure that
all nodes have at least one edge (see Fig. 2a). The resulting
DAG exhibits a bell-shaped path length distribution (see

Fig. 11 in Appendix C.1). We also de�ne ahierarchical
DAG, wherein the nodes follow a feedforward, layered struc-
ture such that all nodes at a given layer are only connected to
nodes in the following layer (see Fig. 2a). In particular, for
every nodenl in layerl andnl +1 in layerl + 1 , we draw a
directed edge(nl ; nl +1 ) with probabilityp, which we refer
to asedge density. On average, between any two layers
of a hierarchical DAG, there arepN 2 edges and each node
in an intermediate layer has an out-degree and in-degree of
pN . The number of paths from a particular node in layerl
to layerl0 > l is exponential and given by(pN) l 0� l ; this is
quanti�ed in the path length distribution shown in Appendix
Fig. 11. For both graph structures,source nodesare nodes
that do not have any parent nodes, and the nodes that do not
have any children nodes aresink nodes.

2.2. Modeling stepwise inference without exemplars

Zero-shot CoT (Kojima et al., 2022) and scratchpads (Nye
et al., 2021) represent two examples of stepwise inference
protocols that do not rely on exemplars. For instance,
in the zero-shot CoT approach, the input of the model
is augmented with the phraselet's think step by
step . This encourages the model to generate outputs that
elaborate on the intermediate steps required to solve the
target problem, thereby enhancing accuracy by breaking
down the target problem into several simpler problems.
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Understanding Stepwise Inference in Transformers

To compare the model's performance with stepwise infer-
ence and without stepwise inference (i.e., direct inference)
in such scenarios, we create two datasets: one including
intermediate steps and the other without them. Each dataset
was subsequently used to train distinct transformers. Dur-
ing the testing phase, we presented the model with pairs
of nodes and task it to determine the existence of a path
between them. The model's performance is assessed based
on their accuracy in classifying whether a path exists.

Fig. 2a shows how we generate the datasets above. First,
we de�ne a DAG denoted asG. Within this graph, for each
dataset instance, we sample a start nodeX s and a goal node
X g and then identify all feasible paths between these two
nodes. From the identi�ed paths, we select one to form a
sequence of tokens,S. This procedure is iterated for other
node pairs within the graphG to compile the complete
dataset. For the dataset with stepwise inference, we use all
the intermediate steps, including the start nodeX s and the
goal nodeX g, to formS. For the dataset without stepwise
inference (i.e., direct inference), we only use the start node
X s and the goal nodeX g. We introduce a binary variable
path 2 f p1; p0g to denote whether there is a path between
the start and goal nodes. We append the `path' tokenp1

to the end of the sequenceS if there is at least one path
between the start and goal nodes; otherwise, we append the
`no path' tokenp0.

Example: For the example path in Fig. 2a, in the
dataset with stepwise inference, the sequence of tokens
S includes the intermediate steps and takes the form
goal :X 2; X 4; X 3; X 6; X 2; p1. For the dataset without
stepwise inference (i.e., direct inference), the sequence
S does not contain intermediate steps and has the form
goal :X 2 X 4 p1.

2.3. Modeling stepwise inference with exemplars

Here we examine the in�uence of stepwise inference on
model performance when in-context exemplars are present.
This scenario is prominently exempli�ed by protocols based
on few-shot CoT (Wei et al., 2022; Creswell et al., 2022).

Speci�cally, we extend the setup with a single DAG de-
scribed in Section 2.2 by incorporating aset of DAGs, which
we call motifs. The data generation process is shown in
Fig. 2b. First, we generate a set ofn Bernoulli DAGs de-
noted bybg = f gi gn

i =1 and randomly select a subset of
K motifs from this set:f gj 1 ; gj 2 ; : : : ; gj K g. Second, we
add edges between the sink node of each motifgj k and
the source node of the subsequent motifgj k +1 , forming a
chain of motifsgi 1 7! gi 2 7! � � � 7! gi K . These intercon-
necting edges are termedghost edges. Third, we sample
paths from each pair of motifs linked by a ghost edge to
establish the context. We then select a start node from the
sink nodes of one motif,X s 2 g, and a goal node from the

source nodes of a different motif,X g 2 g0, then sample a
path between them, denoted asegg0. This procedure gener-
ates a sequence of nodes spanning across motifs,g ! g0,
including exactly one ghost edge. We refer to this as an
exemplar sequenceand use them as in-context samples.
Exemplars to model few-shot CoT are represented asegg0

and denote a exemplar sequence from the motifg ! g0.
Finally, we choose a start nodeX s 2 gi 1 and a goal node
X g 2 gi K . We then prompt the model either directly to
output a path that connects the pair of nodes or exemplars
demonstrating a traversal between motifs of the graphG can
be provided in context (see Fig. 2b). Since a graph is de�ned
via combinations of motifs, we intentionally leave out 20%
combinations from the training data. Every time a new input
is to be designed, we will randomly select motifs from the
remaining combinations frombg to design a graphG, sam-
pling sequences showing how to travel between two nodes
from this graph. Though a model can learn the structure
of the motifs themselves and how some of these motifs are
connected, the graphs at test time will involve combinations
of motifs that were never seen in training. Correspondingly,
the model must use the context to infer the structure of the
overall graphs. In essence, an exemplar tells the model
which motifs are connected via ghost edges and hence can
be navigated between.

Example: We directly study the path of navigation out-
putted by the model in this setup, i.e., no special tokens are
used. A sample is constructed by selecting motifs to de�ne
in-context exemplars, saygi 1 ; gi 2 ; gi 3 . For every succes-
sive pair of motifs, we construct an exemplar and put them
together to create the context. To do this, we select two
(start, goal) pairs:X s1 2 gi 1 , X g1 2 gi 2 andX s2 2 gi 2 ,
X g2 2 gi 3 . We sample exemplar sequences starting and
ending at these node pairs: one sequence fromgi 1 to gi 2 ,
goal :X g1 X s1 X 1 : : : X k1 X g1 , and another fromgi 2 to gi 3 ,
goal :X g2 X s2 X 0

1 : : : X 0
k2

X g2 . These sequences act as ex-
emplars to be provided in context to the model when it is
shown an input. The number of exemplars can vary from 2
to 4, which correspond to chains of motifs of length 3 to 5.
The input itself is de�ned by choosing a goal nodeX g 2 gi 3 ,
a start nodeX s 2 gi 1 , and a path through an intermediate
nodeX inter 2 gi 2 : goal :X gX sX 00

1 : : : X inter : : : X 00
k1

X g3 .
Here,X sX 00

1 : : : X inter is a path between motifsgi 1 andgi 2 ,
while X inter : : : X 00

k X g3 is a path between motifsgi 2 andgi 3 .
When exemplars are not provided, the model must rely on
its internalized knowledge to infer whether there exist two
connected motifs that can be used to move from the start to
goal node. The context exemplars simplify the problem by
telling the model the motifs above are connected.
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Understanding Stepwise Inference in Transformers

Figure 3.Advantage of stepwise inference in graph navigation
tasks and stitching: (a) In the Bernoulli DAG, stepwise infer-
ence demonstrates an advantage over direct inference in predicting
whether given node pairs are connected. (b) This advantage is
further pronounced in hierarchical DAGs, where the distances be-
tween nodes are greater than in Bernoulli DAGs. (c) The stepwise
inference gap arises when the training set contains paths that are
shorter than the paths required to connect nodes at test time. (d)
The stepwise inference is bene�cial when the model must connect
paths seen during training: The red, green, and blue paths represent
subsets of paths seen during training; we ask the model to produce
paths that combine these paths during the test phase.

3. Results: Stepwise Navigation

In this section, we discuss �ndings on how stepwise in-
ference affects the model's ability to solve problems. We
investigate two scenarios: in the absence of in-context ex-
emplars (Section 3.1) and in the presence of them (Section
3.2). For all experiments, unless stated otherwise, we use a
2-layer Transformer de�ned by Karpathy (2021) to mimic
the GPT architecture (Brown et al., 2020). For more details
on the experimental setup, please refer to Appendix C.3 for
model architecture details and Appendix D for training data
generation and test/train split.

3.1. Navigation without exemplars

3.1.1. STEPWISE INFERENCE GAP

We assess the performance of the model by evaluating its
ability to classify whether there is a path given a pair of
nodes during the test phase. Speci�cally, we randomly sam-
ple pairs of start and goal nodes that were not seen in the
training data and observe whether the model outputs either
the `path' tokenp1 or the `no path' tokenp0. Fig. 3 shows
the accuracy of classifying `path' or `no path' for two dif-
ferent types of graphs: a random graph and a hierarchical
graph. We observe that for both types of graphs, the use
of stepwise inference signi�cantly improves the model's
performance compared to direct inference, with more pro-
nounced improvements noted for the hierarchical graph.

Figure 4.Diversity vs. accuracy trade-off for different sampling
temperatures of the transformer model:As the sampling tem-
perature increases, the diversity of paths generated by the model
also increases, while the accuracy decreases. This tradeoff is cap-
tured by measuring the number of uniquevalid paths (top panel),
indicating that there is an optimal temperature for sampling. The
dashed line represents the ground truth path diversity.

Following Prystawski & Goodman (2023), we refer to the
improvement in performance observed between stepwise
inference and direct inference as the “stepwise inference
gap”. To simulate the effect of noisy real-world labels, we
introduced random corruption into the tokens and found that
these results hold, as detailed in Appendix Fig. 13.

To further probe these results, we control for path lengths in
the hierarchical graph. Speci�cally, to set the maximum path
length in the training data to� , we choose a starting layerl
and a goal layerl0 such thatl0 � l < � . Then, we sample
starting nodes from layerl and goal nodes from layerl0. For
the test data, we select node pairs withl0 � l � � . Results
are shown in Fig. 3(c). We plot the classi�cation accuracy
across various values of� and observe that the smaller the
value of� , the greater the stepwise inference gap becomes.
We hypothesize this happens because when the training
data only includes short paths, the model needs to more
effectively `stitch' the paths observed during training, which,
as a recursive task, is more feasible via stepwise inference.

3.1.2.DIVERSITY-ACCURACY TRADEOFF WITH HIGHER

SAMPLING TEMPERATURES

Here, we investigate how the sampling temperature of the
autoregressive transformer affects the diversity of the gener-
ations produced by the model and its accuracy. To this end,
we �xed the start and goal nodes and prompted the model
3,000 times, varying the sampling temperatures from 0.0 to
3.0. We de�ne accuracy as the probability that a generated
path consists of valid edges and correctly terminates at the
designated goal node. Diversity is de�ned as the number
of unique paths generated. As shown in Fig. 4, there is a
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Figure 5.Model outputs are biased toward shorter paths.We
compared the average lengths of ground-truth paths for a speci�c
set of node pairs and the paths produced by the model for these
same pairs in the Bernoulli DAG. We observe that the model tends
to generate shorter paths than the actual ones. This observation
points to a bias in the trained model towards favoring shorter over
potentially more accurate or realistic paths.

clear trade-off between the diversity of the paths generated
by the model and their accuracy. We term this phenomenon
thediversity-accuracy tradeoff: at lower sampling temper-
atures, the model generates fewer but more accurate and
valid paths; in constrast, higher sampling temperatures re-
sult in greater path diversity but reduced accuracy. Our
result provides the �rst explicit demonstration of a trade-off
between the accuracy and diversity of transformer outputs.
To the best of our knowledge, this phenomena has not been
quantitatively studied before.

3.1.3. PREFERENCE FOR SHORTER PATHS

As mentioned before, there are multiple possible paths the
model can choose from in the pursuit of inferring a path
that connects a start and goal node. We showed that by
increasing the sampling temperature, a diverse set of paths
can be generated; however, by default, which paths does the
model prefer? To evaluate this, we compare the actual path
lengths between nodes in the test data with those generated
by our trained model in the Bernoulli graph setup. In Fig. 5a,
we observe that the model consistently produces paths that
are shorter, on average, than the paths in the ground truth
DAG. This observation suggests that the model exhibits a
simplicity bias, tending to �nd the quickest path to solve
the target problem. Such simplicity biases can lead to the
oversimpli�cation of problems (Shah et al., 2020; Lubana
et al., 2023).

3.1.4. EVOLUTION OF FAILURES IN STEPWISE

INFERENCE OVER TRAINING

In the above discussion, we evaluated how stepwise infer-
ence assists a model in successfully completing a complex,
multi-step task. We now assess how it fails. Speci�cally,

Figure 6.Learning dynamics for two failure modes: misstep
and planning failure. We measure the probability of missteps
and planning failures in the model's outputs. A misstep refers to an
instance where the model generates an edge that is not present in
the DAGG, while a planning failure means that the model outputs
a path that fails to reach the intended goal node. Initially, the model
learns to avoid missteps. Subsequently, around the optimization
step of 200, it begins to effectively learn planning. The accuracy
curves are averaged over three models, each trained with a distinct
random seed.

assume that for a given graphG, the model produces a
sequence of nodesX sX 1 : : : X k : : : X t starting at the start
nodeX s. Following (Saparov & He, 2023; Momennejad
et al., 2023), we de�ne two categories of potential failures.

• Misstep (X k ; X k+1 ) =2 G: An edge produced by the
model does not exist in the DAG, commonly referred to
as “hallucinations”.

• Planning failure X t 6= X g: The model produces a path
that does not terminate at the goal node.

In Fig. 6, we examine the learning dynamics for each failure
mode. The �gure indicates that the model initially acquires
the skill to circumvent missteps (the blue line). Subse-
quently, it develops the ability to plan effectively, which is
shown by a decrease in planning failures (the red line). By
integrating these abilities—avoiding missteps and minimiz-
ing planning failures—the model is �nally able to generate
accurate paths for node pairs not seen during training.

3.1.5. MECHANISTIC BASIS OF THE LEARNED GRAPH

NAVIGATION ALGORITHM

Our results above elicit several intriguing behaviors at-
tributable to stepwise inference. We next take a more mech-
anistic lens to explain why these behaviors possibly occur.
We hypothesize that the model learns embeddings for the
nodes of the graph that enable easy computation of an ap-
proximate distance measure. This suggests that to move
closer to the goal node, one can simply transition to the
node that exhibits the least distance from the goal node. For
the detailed intuition guiding our analysis, see Appendix F.

To verify this, we �rst strip the model down to a single-head,
self-attention layer. We visualize the attention scores for this
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Figure 7.Mechanistic analysis of the graph navigation algorithm: Emergent linear representation.(a) Attention maps from the
1-layer, attention-only transformer, highlighting the model's attention on the goal tokenX g and the current tokenX current. (b) Steps of our
simpli�ed algorithm that emulates the 1-layer, attention-only transformer: 1. We extract value embeddings forX g andX current, ignoring
other tokens for simplicity. 2. Next, we compute the value embeddings of the goalvg and currentvcurrent nodes and add them together
v = vg + vcurrent. 3. We then compute the token embedding with the highest inner product withv, approximating the token that receives
the highest logit score after the single forward pass. (c) Comparison of the model's accuracy on a set of 500 held-out node pairs (X s , X g )
using our simpli�ed algorithm (99.8%) versus the full trained model (99.6%). (d) The paths generated by the simpli�ed algorithm almost
exactly match the paths generated by the full trained model. Path similarity on 2000 held-out node pairs was compared by measuring the
Levenshtein edit distance (Navarro, 2001) between paths generated by the full trained model and the simpli�ed algorithm for the same
(X s ; X g ) pairs. (e) The short path bias can be attributed to the inner products between the token embedding of the next chosen token
X next and the value embedding ofX g andvg . We observe that nodesX next further away fromX g have a lower inner product, indicating
that the model's embedding of nodes re�ects the underlying graph topology. The red line denotes the best least squares �t and has a slope
of � 0:106.

minimal model in Fig. 7a, observing that the attention scores
are concentrated on the goal node and the current node. This
suggests that the model utilizes only the embedding values
of the goalX g and the current nodesX current to select the
next token. Inspired by this observation, we develop a
simpli�ed algorithm that mimics the behavior of the model,
as outlined in detail in Fig. 7b.

In Fig. 7c, we demonstrate this simpli�ed algorithm matches
the accuracy of the full trained model (i.e., the single-head,
self-attention layer transformer). Further, in Fig. 7d, we
�nd that the paths generated by our simpli�ed algorithm
and those produced by the full trained model are nearly
identical. We use a string edit distance metric (Navarro,
2001) to quantify the similarity between the two sets of
paths and �nd that over75%of paths are identical.

Given that accuracy is computed over test nodes not seen
in the training data, it is likely that the model encodes a
notion of distance between two nodes on the graph in its
embedding, as we hypothesized. Indeed, in Fig. 7e, we
�nd that the inner product of the embedding ofvg with the
token embeddings ofX next is negatively correlated with the
distance between these two nodes in the ground truth DAG.
Here, we used the average path length as a distance measure

over the graph. Since potential nodes with shorter paths to
the goal node have a higher logit value, this implies they
will be more likely to be predicted, thus showing the origin
of the short path bias we observed in Sec. 3.1.3. This is a
mechanistic explanation of the pattern-matching behavior
of Dziri et al. (2023) in the context of our task.

3.2. Navigation with exemplars

The single graph setting let us explorezero-shotnavigation
and stepwise reasoning, where the model relied on knowl-
edge internalized over pretraining for stepwise navigation
towards a goal. Next, we study how context can in�uence
the model generated paths, how subgoals that are provided
in-context can guide the model's navigation, and how the
content of the exemplars affects the navigation path chosen
by the model. Our results shed some light on and create
hypotheses for (1) compositional generalization, (2) length
generalization, and (3) impact of con�icting, long context.

3.2.1. COMPOSITIONAL GENERALIZATION

We �nd that the model can successfully follow the chain
de�ned by the in-context exemplars. An example output
produced by the model is in Fig.2(b), highlighting the path
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Figure 8.In-context steerability and length generalization.We
vary the number of intermediate motifsginter in a chain of motifs
constructed for the particular contextgi 1 ! f ginter !g n ! gi K .
The path generated by the model follows the path described by the
chain in context untiln = 4 , which is the maximum chain length
in the training data.

the model takes through the chain of motifsg3 ! g4 !
g2 ! g9. We also �nd that the model generalizes to arbi-
trary orders of motifs strung out, including those that did
not occur consecutively in the training data, up to the length
in the training data (see Fig. 8). In other words, in-context
control is capable of elicitingcompositional generaliza-
tion (Li et al., 2023), if appropriately trained. Further, we
see that the attentional patterns used by the model suggest
that while navigating across motifs, the model treats nodes
across ghost edges as subgoals (see Appendix Fig. 17).

3.2.2. NUMBER OF INTERMEDIATE MOTIFS

In Fig. 8, we vary the number of exemplars provided to
the model. This is equivalent to stringing together a longer
chain of exemplar sequences across motifs to navigate over.
We de�ne successful steering as the product of indicators
that the path ended at the speci�ed goal:I X t == X g and
that each ghost edge, and thus the intermediate motif, was
present in the path:I ginter. We computed the probability
by averaging over distinct source nodes2 gi 1 and sink
nodes2 gi K . We �nd that the model can generalize well to
unseen orders of motifs up to the maximum number chained
together in the training data, after which the model fails to
navigate. We hypothesize that even when using stepwise
inference methods at scale,the model will fail to generalize
to reasoning chains longer than those present in its training
data.

3.2.3. BIAS TOWARDS THE FIRST EXEMPLAR IN THE

CASE OF CONFLICT

In many scenarios, language models are prompted with sev-
eral examples and has to choose between them based on
information in-context, for example in a multiple choice
Q&A tasks (Hendrycks et al., 2020; Pal et al., 2022; Srivas-
tava et al., 2022). Here, we systematically and quantitatively

Figure 9.How does the model handle con�icting exemplars?To
construct the context, we selected an initial motifgi 1 , a terminal
motif gi T and two intermediate motifsginter andg0

inter. We string
them together so that the motif has two possible paths:gi 1 !
ginter ! gi T andgi 1 ! g0

inter ! gi T . In this case of 2 con�icting
chains in-context, the model has a bias to pick the chain that
appears �rst in context.

study the behavior of the model when two contexts are pro-
vided but are in con�ict. In Fig. 9, to model scenarios with
con�icting exemplars, we study a case where two chains of
motifs are provided, starting from the same set of initial and
terminal motifsgi 1 andgi T , but with distinct intermediate
motifs ginter andg0

inter. The model is then prompted with
X s 2 gi 1 andX g 2 gi T , after in-context exemplars in or-
der: egi 1 ;g inter; eginter;g i T

; egi 2 ;g0
inter

; eg0
inter;g i T

. We �nd that the
model does navigate to the goal, thus following the prompt,
but has a strong bias toward choosing a path de�ned by the
�rst chain over the second, i.e.,gi 1 ! ginter ! gi T (see
Fig. 9). This result is similar to what happens at scale with
large context windows, where content in the middle of a
long context window is ignored (Liu et al., 2023).

4. Conclusion

In this work, we introduced a synthetic graph navigation
task to investigate the behavior, training dynamics and mech-
anisms of transformers under stepwise inference protocols.
Despite its simplicity, our synthetic setup has provided key
insights into the role of the structural properties of the data,
the diversity-accuracy tradeoff in sampling, and the sim-
plicity bias of transformer optimization. In addition, we
explored the model's navigation preferences and their con-
trollability through in-context exemplars, modeled length
generalization, and responses to longer contexts with con-
�icting exemplars. Like all papers that rely on synthetic
abstractions, our goal was to develop such hypotheses to
explain an interesting phenomena seen in practical scenarios.
A promising future direction for our work thus is to test the
hypotheses we have formulated in large language models,
as well as generalize and test the mechanistic interpretation
of the learned transformer algorithm in practical scenarios.
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