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Abstract

Stepwise inference, such as scratchpads and chain-
of-thought (CoT), is an important capability of
large language models, where a model decom-
poses a complex task into a sequence of manage-
able subproblems. However, despite the signifi-
cant gain in performance, the underlying mech-
anisms of stepwise inference have remained elu-
sive. To address this gap, we propose to study
auto-regressive Transformer models solving a
graph navigation problem, where a model is
tasked with traversing a path from a start to a goal
node on a synthetically generated graph. Through
this simple, controllable, and interpretable frame-
work of graph navigation, we empirically repro-
duce and analyze several phenomena observed at
scale: (i) the stepwise inference reasoning gap,
the cause of which we find in the structure of the
training data; (ii) a diversity-accuracy tradeoff as
sampling temperature varies; (iii) a simplicity bias
in the model’s output; and (iv) combinatorial gen-
eralization, failure on length generalization and a
primacy bias with in-context exemplars. Overall,
this work introduces a grounded synthetic frame-
work for studying stepwise inference and offers
mechanistic hypotheses that lay the foundation
for a deeper understanding of this phenomenon.

Stepwise inference, such as scratchpad and chain-of-thought
(CoT), is an important capability of large language mod-
els, where a model decomposes a complex task into a steps
of manageable subproblems. However, despite significant
improvements in performance, the underlying mechanisms
of these processes have remained elusive. Here, we pro-
pose a novel perspective by framing the tasks that benefit
most from stepwise inference as graph navigation problems.
Specifically, we introduce a graph navigation task, where
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Figure 1. Examples of stepwise inference protocols and how
they can be cast as a graph navigation problem. (a) Zero-shot
chain-of-thought (Kojima et al., 2022) involves asking a model to
produce intermediate outputs to perform complex multi-step com-
putations, such as solving the Tower of Hanoi problem. Casting the
configurations of the rods in Tower of Hanoi as nodes of a graph,
we can see that the problem is essentially traversal over states
describing different configurations of the setup to reach the desired
configuration (the goal state). (b) Scratchpad (Nye et al., 2021) im-
proves LLMs’ ability to perform complex multi-step computations,
such as arithmetic, when they write intermediate computation steps
to a buffer called a scratchpad.

a transformer model trained from predicts the connectivity
between two nodes within a well-defined graph. Despite
its simplicity, we demonstrate that this simple setup allows
us to not only replicate, but also elucidate behaviors asso-
ciated with stepwise inference, including the influence of
the underlying graph’s structure on model behavior, and
the trade-off between diversity and accuracy. In addition,
we investigate the ’simplicity bias’ observed in stepwise
inference, where models exhibit a preference for the short-
est path between two points. Our investigation extends to
the controllability of these models through in-context exem-
plars. By developing a grounded synthetic framework, this
work contributes to the understanding of stepwise inference
and provides mechanistic hypotheses that pave the way for
a more comprehensive understanding of these phenomena
in large-scale language models.

1. Introduction

Transformers, the backbone of large language models
(LLMs), have revolutionized several domains of machine
learning (OpenAl, 2023; Anil et al., 2023; Gemini et al.,
2023; Touvron et al., 2023). An intriguing capability that
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emerges with training of Transformers on large-scale lan-
guage modeling datasets is the ability to perform stepwise
inference, such as zero-shot chain-of-thought (CoT) (Ko-
jima et al., 2022), use of scratchpads (Nye et al., 2021),
few-shot CoT (Wei et al., 2022), and variants of these
protocols (Creswell et al., 2022; Yao et al., 2023; Besta
et al., 2023; Creswell & Shanahan, 2022; Press et al.,
2022). Specifically, in stepwise inference, the model is
asked to or shown exemplars describing how to decompose
a broader problem into multiple sub-problems. Solving
these sub-problems in a step-by-step manner simplifies the
overall task and significantly improves performance (see
Fig. 1). Arguably, stepwise inference protocols are the
workhorse behind the “sparks” of intelligence demonstrated
by LLMs (Bubeck et al., 2023)—yet, their inner workings
are poorly understood.

Motivated by the above, we aim to design and study an
abstraction which enables a precise understanding of step-
wise inference in Transformers. Specifically, we argue that
tasks which see maximum benefit from stepwise inference
can be cast as a graph navigation problem: given an input
describing the data to operate on and a goal to be achieved,
a sequence of primitive skills (e.g., ability to perform arith-
metic operations) is chained such that each skill acts on
the previous skill’s output, ultimately to achieve the given
goal. If the input data, the final goal, and the sequence of
intermediate outputs are represented as a sequence of nodes
of a graph, along with primitive skills as edges connecting
these nodes, the overall task can be re-imagined as navigat-
ing nodes of the graph via the execution of primitive skills.
Several logical reasoning problems come under the purview
of this abstraction (LaValle, 2006; Cormen et al., 2022; Mo-
mennejad et al., 2023; Dziri et al., 2023; Saparov & He,
2023): e.g., in Fig. 1a, we show how the problem of Tower
of Hanoi can be decomposed into simpler sub-problems.
See also Appendix A for several more examples.

This work. We design a graph navigation task wherein a
Transformer is trained from scratch to predict whether two
nodes from a well-defined graph can be connected via a
path. A special prefix indicates to the model whether it can
generate intermediate outputs to solve the task, i.e., if it can
generate a sequence of nodes to infer a path connecting the
two nodes; alternatively, exemplars demonstrating naviga-
tion to “regions” of the graph are provided. Our framework
assumes the model has perfect skills, i.e, any failures in
the task are a consequence of incorrect plans for navigating
the graph. This is justified because a skill-based failure is
the most trivial mechanism via which stepwise inference
protocols can fail; in contrast, inability to plan is an inde-
pendent and underexplored axis for understanding stepwise
inference. Overall, we make the following contributions.

* A Framework for Investigating Stepwise Inference.

We propose a synthetic graph navigation task as an ab-
straction of scenarios where stepwise inference protocols
help Transformers improve performance, showing that
we can replicate and explain behaviors seen with use of
stepwise inference in prior work. For instance, the struc-
ture of the data generating process (the graph) impacts
whether stepwise inference will yield any benefits (Prys-
tawski & Goodman, 2023). We identify further novel
behaviors of stepwise inference as well, such as the exis-
tence of a tradeoff between diversity of outputs generated
by the model and its accuracy with respect to inference
hyperparameters (e.g., sampling temperature).
* Demonstrating a Simplicity Bias in Stepwise Infer-
ence. When multiple solutions are possible for an input,
we demonstrate the existence of a simplicity bias: the
model prefers to follow the shortest path connecting two
nodes. We assess this result mechanistically by iden-
tifying the underlying algorithm learned by the model
to solve the task, showing the bias is likely a conse-
quence of a “pattern matching” behavior that has been
hypothesized to cause LLMs to fail in complex reasoning
problems (Dziri et al., 2023).
Controllability via In-Context Exemplars. We show
the model’s preferred path to navigate between two nodes
can be controlled via use of in-context exemplars. We
use this setup to evaluate the model’s ability to generalize
to paths of longer length and the influence of exemplars
which conflict with each other, i.e., that steer the model
along different paths.

2. Stepwise Inference as Graph Navigation

In this section, we define our setup for studying how step-
wise inference aids Transformers in solving complex rea-
soning problems. Specifically, we define a graph navigation
task wherein, given a start and a goal node, a Transformer
is autoregressively trained to produce a sequence of nodes
that concludes at the goal node. In our experiments, we
consider two scenarios: one where in-context exemplars are
absent (see Fig. 2a) and another where they are present (see
Fig. 2b). The former scenario emulates protocols such as
the scratchpad and zero-shot Chain of Thought (CoT) (Ko-
jima et al., 2022; Nye et al., 2021), while the latter models
few-shot CoT (Wei et al., 2022). In Section 2.1, we set up
our experiment to explore these two scenarios. In the subse-
quent sections, we explicitly analyze the benefits of stepwise
inference in both scenarios: without in-context exemplars
(Section 2.2) and with in-context exemplars (Section 2.3).
We refer the reader to a detailed related work on stepwise
inference protocols in Appendix B and further discussion
on graph navigation as a model of stepwise inference which
is in Appendix A.
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Figure 2. Data Generating Process(a) In absence of exemplarsThis gure illustrates the step-by-step process of generating a training
dataset using a single underlying graph. 1) A directed acyclic graph (DAG) is generated, which can be either hierarchically structured or
Bernoulli. 2) A start node and a goal node are selected. 3) All possible paths connecting the start and goal nodes are sampled, and one path
is randomly selected. 4) The chosen path is then represented in a task-speci ¢ formapréigence of exemplarsThe step-by-step

process of generating a training dataset by combining multiple subgraphs (motifs): 1. We start by building a set of Bernoulli directed
acyclic graphs (DAGs), 2. Next, we pick a subset of K of these DAGS; 0i, ; ::0i, g and connect them together using "ghost edges" to

create a chain of motifg, 7! g, 7! = 7! g , 3. We then sample exemplars from every pair of motifs that have been connected by a
ghost edge to construct the context and 4. We now choose a starkKndelgy, and a goal nod& 4 2 g, and construct a sequence

passing through the whole motif chain.

2.1. Preliminaries: Bernoulli and Hierarchical DAGs Fig. 11 in Appendix C.1). We also de nelderarchical
DAG, wherein the nodes follow a feedforward, layered struc-

We L;]sedlrgctte;d atcyckllc g[r)aA@s (DAGS)t? d? ne tc;]ur tture such that all nodes at a given layer are only connected to
graph navigation tasks. S are a natural mathematly o i, the following layer (see Fig. 2a). In particular, for

cal abstraction to study multi-step, logical reasoning probéivery noden, in layerl andny.; in layerl + 1, we draw a

lems: e.g., z_is_dl_scusseq in Dziri et al. (2023), the output 0 irected edgén;: ni.1 ) with probability p, which we refer

any d.eterm|n|3t|c algonthm can be represented as a DA o asedge density On average, between any two layers
Speci caIIy,_Najl DAG is de ned asG := (N' E). where ¢ o hierarchical DAG, there apN 2 edges and each node

N := fXigZ denotes the set of nodes in the graph andp, an, intermediate layer has an out-degree and in-degree of
E = f(Xi;Xj)0x,x; 2n denotes the set of directed edges pN . The number of paths from a particular node in layer
across the nodes. The edges of a DAG are captured by |F§ layerl®> | is exponential and given k()pN)'O " this is
adjacency matrbA, whereA; = 11if (Xi;Xj) 2 E. A quanti ed in the path length distribution shown in Appendix
directed simple patlis a sequence of distinct nodes®f Fig. 11. For both graph structuresyurce nodesare nodes

which are joined by a sequence of edges. If two nodes argat 4o not have any parent nodes, and the nodes that do not
connected via a directed simple path, we call thgath-  pve any children nodes asink nodes
connected The rst node of a path is referred to as the start

node, Wh'_Ch we denote as;, and the last node as the goal 2.2. Modeling stepwise inference without exemplars

node, which we denote a§;.

dZero—shot CoT (Kojima et al., 2022) and scratchpads (Nye
et al., 2021) represent two examples of stepwise inference

%rotocols that do not rely on exemplars. For instance,

in the zero-shot CoT approach, the input of the model

is augmented with the phrakst's think step by

step . This encourages the model to generate outputs that

edge density, such thap(A; =1) = p. We ensure that elaborate on the intermediate steps required to solve the

all nodes have at least one edge (see Fig. 2a). The resultiqgrget problem, thereby enhancing accuracy by breaking

DAG exhibits a bell-shaped path length distribution (seeOIOWn the target problem into several simpler problems.

We brie y discuss the process of construction of DAGs use
in our work and how paths are sampled from them; a mor
thorough description is provided in Appendix C.1. We de
ne a Bernoulli DAG of N nodes, whose adjacency matrix
has an upper triangular structure with Bernoulli entries with
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To compare the model's performance with stepwise infersource nodes of a different motif,; 2 g% then sample a
ence and without stepwise inference (i.e., direct inferencepath between them, denotedegge. This procedure gener-
in such scenarios, we create two datasets: one includingtes a sequence of nodes spanning across mgtifs,g°
intermediate steps and the other without them. Each datasetcluding exactly one ghost edge. We refer to this as an
was subsequently used to train distinct transformers. Duexemplar sequenceand use them as in-context samples.
ing the testing phase, we presented the model with pairExemplars to model few-shot CoT are representegygs

of nodes and task it to determine the existence of a patand denote a exemplar sequence from the muptif g°
between them. The model's performance is assessed basEthally, we choose a start node; 2 g, and a goal node
on their accuracy in classifying whether a path exists. Xg 2 g, . We then prompt the model either directly to

Fig. 2a shows how we generate the datasets above. FirgtUtput a path that connects the pair of nodes or exemplars

we de ne a DAG denoted a6. Within this graph, for each émonstrating a traversal between motifs of the gi@man

dataset instance, we sample a start nédand a goal node be provided in context (see Fig. 2b). Since a graph is de ned

) - ) \ X 0
Xy and then identify all feasible paths between these a2 cc)_mb!natlons of mot|f-s,.we mtentlonallylleave out .20 %

. . combinations from the training data. Every time a new input
nodes. From the identi ed paths, we select one to form a

; o Is to be designed, we will randomly select motifs from the
sequence of tokenS, This procedure is iterated for other remaining combinations frolp to design a grapls, sam-
node pairs within the grapt® to compile the complete 9 gn a grapi,

; . Iing sequences showing how to travel between two nodes
dataset. For the dataset with stepwise inference, we use "ﬁrom this araph. Thouah a model can learn the structure
the intermediate steps, including the start n&deand the graph. 9

goal nodeX 4, to form'S. For the dataset without stepwise of the motifs themselves and how some of these motifs are

inference (i.e., direct inference), we only use the start nodgonnected, the graphs at test time will involve combinations

X s and the goal noda ;. We introduce a binary variable of motifs that were never seen in training. Correspondingly,
. . the model must use the context to infer the structure of the
path 2 f p1; pog to denote whether there is a path between
overall graphs In essence, an exemplar tells the model

the start and goal nodes. We append the “path’ tgken which motifs are connected via ghost edges and hence can
to the end of the sequen&if there is at least one path :
be navigated between.

between the start and goal nodes; otherwise, we append the
‘no path' tokemo. Example: We directly study the path of navigation out-

Example: For the example path in Fig. 2a, in the putted by the quel in this setup, i.e., no specia_l tokens are
dataset with stepwise inference, the sequence of tokenussed' A sample is constructed by selecting motifs to de ne

S includes the intermediate steps and takes the fomlln—context exemplars, say;;g,; ;- For every succes-

g0al X X4:X5:Xe: Xa:p1. For the dataset without sive pair of motifs, we construct an exemplar and put them

stepwise inference (i.e., direct inference), the se uenctogether to create the context. To do this, we select two
P U ' q I_§start, goal) pairsXs, 2 g, Xg, 2 G, andXs, 2 Gi,,

S does not contain intermediate steps and has the for -
% 2 U,. We sample exemplar sequences starting and

goal :Xz X4 p1. ending at these node pairs: one sequence ffono g, ,
goal :Xg, Xs, X1::: Xy, Xg,, and another frong;, to g;,,
goal :Xg,Xs,X:::X?2 Xg,. These sequences act as ex-
Here we examine the in uence of stepwise inference oremplars to be provided in context to the model when it is
model performance when in-context exemplars are preserlown an input. The number of exemplars can vary from 2
This scenario is prominently exempli ed by protocols basedto 4, which correspond to chains of motifs of length 3 to 5.

on few-shot CoT (Wei et al., 2022; Creswell et al., 2022). The inputitselfis de ned by choosing a goal no¥g 2 g;,,

Speci call d th ith inale DAG d a start nod&Xs 2 g,, and a path through an intermediate
peci cally, we extend the setup with a single € nodeX ner 2 g,: goal XgXsX 9% Xinger: :ngx o

scribed in Section 2.2 by incorporatinget of DAGswhich Here, X sX 9% : : X ineer is @ path between motify, andg;,,

we call mqtifs. The data generation process is shown inwh"exmr: 11X 0% 4. is a path between motif, andg;,.

Fig. 2b. First, we generate a setroBernoulli DAGS de-  \yhen exemplars are not provided, the model must rely on
noted byg = fggl, and randomly select a subset of jis internalized knowledge to infer whether there exist two

connected motifs that can be used to move from the start to
goal node. The context exemplars simplify the problem by
telling the model the motifs above are connected.

2.3. Modeling stepwise inference with exemplars

add edges between the sink node of each ngptifand
the source node of the subsequent mgtif, , forming a
chain of motifsg;, 7! g, 7! 7! g . These intercon-
necting edges are termeggthost edges Third, we sample
paths from each pair of motifs linked by a ghost edge to
establish the context. We then select a start node from the
sink nodes of one motifs 2 g, and a goal node from the

4
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. o ) o Figure 4.Diversity vs. accuracy trade-off for different sampling
Figure 3.Advantage of stepwise inference in graph navigation  temperatures of the transformer model: As the sampling tem-

tasks and stitching: (a) In the Bernoulli DAG, stepwise infer- oot re increases, the diversity of paths generated by the model
ence demgnstrates an a_dvantage over direct |nfere_nce in predlctlr_}gso increases, while the accuracy decreases. This tradeoff is cap-
whether given node pairs are connected. (b) This advantage {§,qq by measuring the number of uniquadid paths (top panel),

further pronounced in hierarchical DAGs, where the distances bgpgjicating that there is an optimal temperature for sampling. The
tween nodes are greater than in Bernoulli DAGs. (c) The stepwisg|zched line represents the ground truth path diversity.
inference gap arises when the training set contains paths that are

shorter than the paths required to connect nodes at test time. (d)

The stepwise inference is bene cial when the model must connecFollowing Prystawski & Goodman (2023), we refer to the
paths seen during training: The red, green, and blue paths represeptprovement in performance observed between stepwise
subsets of paths seen during training; we ask the model to produggference and direct inference as the “stepwise inference
paths that combine these paths during the test phase. gap”. To simulate the effect of noisy real-world labels, we
3. Results: Stepwise Navigation introduced random corruption into the tokens and found that

these results hold, as detailed in Appendix Fig. 13.
In this section, we discuss ndings on how stepwise in-

ference affects the model's ability to solve problems. We!© further probe these results, we control for path lengths in
investigate two scenarios: in the absence of in-context eXh€ hierarchical graph. Speci cally, to set the maximum path
emplars (Section 3.1) and in the presence of them (Sectiol§n9th in the training data to , we choose a starting layer
3.2). For all experiments, unless stated otherwise, we use®'d & goal layel’such that® < . Then, we sample
2-layer Transformer de ned by Karpathy (2021) to mimic starting nodes from layérand goa_l nodes from layé®. For

the GPT architecture (Brown et al., 2020). For more detaildn€ test data, we select node pairs with I . Results

on the experimental setup, please refer to Appendix C.3 foft"® Shown in Fig. 3(c). We plot the classi cation accuracy

model architecture details and Appendix D for training data®Cross various values of and observe that the smaller the
generation and test/train split. value of , the greater the stepwise inference gap becomes.

We hypothesize this happens because when the training
data only includes short paths, the model needs to more
effectively “stitch' the paths observed during training, which,

3.1.1. SEPWISE INFERENCE GAP as a recursive task, is more feasible via stepwise inference.

3.1. Navigation without exemplars

We assess the performance of the model by evaluating i

ability to classify whether there is a path given a pair oftgl'z'DIVERSITY
nodes during the test phase. Speci cally, we randomly sam-
ple pairs of start and goal nodes that were not seen in thelere, we investigate how the sampling temperature of the
training data and observe whether the model outputs eithexutoregressive transformer affects the diversity of the gener-
the “path’ tokerp; or the “no path' tokem,. Fig. 3 shows ations produced by the model and its accuracy. To this end,
the accuracy of classifying “path’ or “no path' for two dif- we xed the start and goal nodes and prompted the model
ferent types of graphs: a random graph and a hierarchica,000 times, varying the sampling temperatures from 0.0 to
graph. We observe that for both types of graphs, the us8.0. We de ne accuracy as the probability that a generated
of stepwise inference signi cantly improves the model's path consists of valid edges and correctly terminates at the
performance compared to direct inference, with more prodesignated goal node. Diversity is de ned as the number
nounced improvements noted for the hierarchical graphof unique paths generated. As shown in Fig. 4, there is a

ACCURACY TRADEOFF WITH HIGHER
SAMPLING TEMPERATURES

5
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Figure 6.Learning dynamics for two failure modes: misstep

) ] and planning failure. We measure the probability of missteps
Figure 5.Model outputs are biased toward shorter pathsWe  anq planning failures in the model's outputs. A misstep refers to an

compared the average lengths of ground-truth paths for a speci ¢ystance where the model generates an edge that is not present in
set of node pairs and the paths produced by the model for thesge paG G, while a planning failure means that the model outputs
same pairs in the Bernoulli DAG. We observe that the model tends, path that fails to reach the intended goal node. Initially, the model
to generate shorter paths than the actual ones. This observatigg, s to avoid missteps. Subsequently, around the optimization
points to a bias in the trained model towards favoring shorter OVektep of 200, it begins to effectively learn planning. The accuracy
potentially more accurate or realistic paths. curves are averaged over three models, each trained with a distinct
random seed.
clear trade-off between the diversity of the paths generated
by the model and their accuracy. We term this phenomenossme that for a given gragh, the model produces a
thediversity-accuracy tradeoffat lower sampling temper- sequence of nodeésX 1 ;1 Xk &1 : X, starting at the start
atures, the model generates fewer but more accurate a%dexs. Following (Saparov & He, 2023: Momennejad
valid paths; in constrast, higher sampling temperatures rey 5| 2023), we de ne two categories of potential failures.
sult in greater path diversity but reduced accuracy. Our _ )
result provides the rst explicit demonstration of a trade-off * MiSStep (Xi; X+1) 2 G: An edge produced by the
between the accuracy and diversity of transformer outputs. Mdel does not exist in the DAG, commonly referred to

To the best of our knowledge, this phenomena has not beendS “hqllucingtions”.
quantitatively studied before. * Planning failure X; 6 X4: The model produces a path

that does not terminate at the goal node.

3.1.3. lREFERENCE FOR SHORTER PATHS In Fig. 6, we examine the learning dynamics for each failure
. . . mode. The gure indicates that the model initially acquires
As mentioned before, there are multiple possible paths thﬁw skill to circumvent missteps (the blue line). Subse-

model can choose from in the pursuit of inferring a path . . . .
that connects a start and goal node. We showed that bquently, it develops the ability to plan effectively, which is
' hown by a decrease in planning failures (the red line). By

increasing the sampling temperature, a diverse set of paths . . I~ : e
] : INtegrating these abilities—avoiding missteps and minimiz-
can be generated; however, by default, which paths does the . . :
g planning failures—the model is nally able to generate

model prefer? To evaluate this, we compare the actual patb? curate paths for node pairs not seen during trainin
lengths between nodes in the test data with those generate& P P 9 9

by our trained model in the Berno_ulh graph setup. In Fig. 5a,3.1_5‘ MECHANISTIC BASIS OF THE LEARNED GRAPH
we observe that the model consistently produces paths that
. NAVIGATION ALGORITHM

are shorter, on average, than the paths in the ground truth
DAG. This observation suggests that the model exhibits @ur results above elicit several intriguing behaviors at-

simplicity bias tending to nd the quickest path to solve tributable to stepwise inference. We next take a more mech-
the target problem. Such simplicity biases can lead to thanistic lens to explain why these behaviors possibly occur.
oversimpli cation of problems (Shah et al., 2020; LubanaWe hypothesize that the model learns embeddings for the

etal., 2023). nodes of the graph that enable easy computation of an ap-
proximate distance measure. This suggests that to move

3.1.4. BYVOLUTION OF FAILURES IN STEPWISE closer to the goal node, one can simply transition to the
INFERENCE OVER TRAINING node that exhibits the least distance from the goal node. For

In the above discussion, we evaluated how stepwise infetrhe detailed intuition guiding our analysis, see Appendix F-

ence assists a model in successfully completing a compleXp verify this, we rst strip the model down to a single-head,
multi-step task. We now assess how it fails. Speci cally,self-attention layer. We visualize the attention scores for this

6
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Figure 7.Mechanistic analysis of the graph navigation algorithm: Emergent linear representation(a) Attention maps from the

1-layer, attention-only transformer, highlighting the model's attention on the goal tdkeand the current tokeX current (D) Steps of our

simpli ed algorithm that emulates the 1-layer, attention-only transformer: 1. We extract value embeddikgsaiod X currens ignoring

other tokens for simplicity. 2. Next, we compute the value embeddings of thevgaald currentcurentnodes and add them together

V = Vg + Veurrent 3. We then compute the token embedding with the highest inner product végiproximating the token that receives

the highest logit score after the single forward pass. (c) Comparison of the model's accuracy on a set of 500 held-out n&de ¥ais (

using our simpli ed algorithm (99.8%) versus the full trained model (99.6%). (d) The paths generated by the simpli ed algorithm almost
exactly match the paths generated by the full trained model. Path similarity on 2000 held-out node pairs was compared by measuring the
Levenshtein edit distance (Navarro, 2001) between paths generated by the full trained model and the simpli ed algorithm for the same
(Xs; Xg) pairs. (e) The short path bias can be attributed to the inner products between the token embedding of the next chosen token
X nextand the value embedding &fy andvg. We observe that nodé&nex further away fromX g have a lower inner product, indicating

that the model's embedding of nodes re ects the underlying graph topology. The red line denotes the best least squares t and has a slope
of 0:106.

minimal model in Fig. 7a, observing that the attention scorever the graph. Since potential nodes with shorter paths to
are concentrated on the goal node and the current node. Thike goal node have a higher logit value, this implies they
suggests that the model utilizes only the embedding valuesill be more likely to be predicted, thus showing the origin
of the goalX 4 and the current node$curentto select the  of the short path bias we observed in Sec. 3.1.3. Thisis a
next token. Inspired by this observation, we develop amechanistic explanation of the pattern-matching behavior
simpli ed algorithm that mimics the behavior of the model, of Dziri et al. (2023) in the context of our task.

as outlined in detail in Fig. 7b.

In Fig. 7c, we demonstrate this simpli ed algorithm matchesa'z' Navigation with exemplars

the accuracy of the full trained model (i.e., the single-headThe single graph setting let us explaero-shonavigation
self-attention layer transformer). Further, in Fig. 7d, weand stepwise reasoning, where the model relied on knowl-
nd that the paths generated by our simpli ed algorithm edge internalized over pretraining for stepwise navigation
and those produced by the full trained model are nearlyowards a goal. Next, we study how context can in uence
identical. We use a string edit distance metric (Navarrothe model generated paths, how subgoals that are provided
2001) to quantify the similarity between the two sets ofin-context can guide the model's navigation, and how the
paths and nd that over5%of paths are identical. content of the exemplars affects the navigation path chosen
Given that accuracy is computed over test nodes not sedl the model. Our results shed some light on and create
in the training data, it is likely that the model encodes afyPotheses for (1) compositional generalization, (2) length
notion of distance between two nodes on the graph in itgeneralization, and (3) impact of con icting, long context.
embedding, as we hypothesized. Indeed, in Fig. 7e, we

nd that the inner product of the embeddingwgf with the ~ 3-2-1. ®MPOSITIONAL GENERALIZATION

token embeddings Of nex is negatively correlated with the \we nd that the model can successfully follow the chain
distance between these two nodes in the ground truth DAGje ned by the in-context exemplars. An example output
Here, we used the average path length as a distance measiidduced by the model is in Fig.2(b), highlighting the path
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Figure 8.In-context steerability and length generalization.We
vary the number of intermediate motiis:.r in a chain of motifs
constructed for the particular context ! f  Qinter !9 n ! G -
The path generated by the model follows the path described by th
chain in context untih = 4, which is the maximum chain length
in the training data.

Figure 9.How does the model handle con icting exemplars?o
construct the context, we selected an initial mgtjf, a terminal
motif gi; and two intermediate Motifgner andgh.. We string
ﬁ1em together so that the motif has two possible paths:!
Ointer ! G, andg;, ! Per ! 0i; - Inthis case of 2 con icting
chains in-context, the model has a bias to pick the chain that
appears rstin context.
the model takes through the chain of motifs! g, !
02! go. We also nd that the model generalizes to arbi-
trary orders of motifs strung out, including those that didstudy the behavior of the model when two contexts are pro-
not occur consecutively in the training data, up to the lengthvided but are in con ict. In Fig. 9, to model scenarios with
in the training data (see Fig. 8). In other words, in-contextcon icting exemplars, we study a case where two chains of
control is capable of elicitingompositional generaliza- motifs are provided, starting from the same set of initial and
tion (Li et al., 2023), if appropriately trained. Further, we terminal motifsg, andg;, , but with distinct intermediate
see that the attentional patterns used by the model suggeasiotifs giner andgl,,,- The model is then prompted with
that while navigating across motifs, the model treats nodeX s 2 g, andX 4 2 g, , after in-context exemplars in or-
across ghost edges as subgoals (see Appendix Fig. 17). der: €y, gy €ginerai; ; €01, 100, €0, - We nd that the
model does navigate to the goal, thus following the prompt,
3.2.2. NUMBER OF INTERMEDIATE MOTIFS but has a strong bias toward choosing a path de ned by the

. . rst chain over the second, i.eg, ! Gnwer! 0, (See
In Fig. 8, we vary the number of exemplars provided toFig. 9). This result is similar to what happens at scale with

the model. This is equivalent to stringing together a longer . ! .
. . , large context windows, where content in the middle of a
chain of exemplar sequences across motifs to navigate over . g .
. - ong context window is ignored (Liu et al., 2023).
We de ne successful steering as the product of indicators
that the path ended at the speci ed goak, -- x, and )
that each ghost edge, and thus the intermediate motif, waé. Conclusion

present in the patht g,,,. We computed the probability In this work, we introduced a synthetic graph navigation

veraging over distin rce n i, and sink . . . - .
by averaging over distinct source nod2sg;, and s task to investigate the behavior, training dynamics and mech-

nodes2 g, . We nd that the model can generalize wellto . 2
nisms of transformers under stepwise inference protocols.

unseen orders of motifs up to the maximum number chaine@es ite its simplicity. our svnthetic setun has provided ke
together in the training data, after which the model fails to.” pite plicity, y phasp y
sights into the role of the structural properties of the data,

. . . .
navigate. We hypothesize that even when using stepW|s€1 . . X . i
inference methods at scatbe model will fail to generalize t g_dwe_rsﬂy-accuracy tradeof_f n sqmplmg, anq_ the sim-
plicity bias of transformer optimization. In addition, we

goaigésonlng chains longer than those present in its trammgexplor_e_d the mode!'s navigation preferences and their con-
trollability through in-context exemplars, modeled length
generalization, and responses to longer contexts with con-
icting exemplars. Like all papers that rely on synthetic
abstractions, our goal was to develop such hypotheses to
In many scenarios, language models are prompted with seexplain an interesting phenomena seen in practical scenarios.
eral examples and has to choose between them based Arpromising future direction for our work thus is to test the
information in-context, for example in a multiple choice hypotheses we have formulated in large language models,
Q&A tasks (Hendrycks et al., 2020; Pal et al., 2022; Srivasas well as generalize and test the mechanistic interpretation
tava et al., 2022). Here, we systematically and quantitativelyf the learned transformer algorithm in practical scenarios.

3.2.3. BAS TOWARDS THE FIRST EXEMPLAR IN THE
CASE OF CONFLICT
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